Semigroups generated by pseudo-contractive mappings under the Nagumo condition  by Hester, Anthony & Morales, Claudio H.
J. Differential Equations 245 (2008) 994–1013
www.elsevier.com/locate/jde
Semigroups generated by pseudo-contractive mappings
under the Nagumo condition
Anthony Hester, Claudio H. Morales ∗
University of Alabama in Huntsville, USA
Received 28 June 2007; revised 21 April 2008
Available online 3 June 2008
Abstract
Let X be a Banach space whose dual space X∗ is uniformly convex. We demonstrate that, for any
demicontinuous, weakly Nagumo, k-pseudo-contractive mapping T : D(T ) ⊆ X → X with closed domain,
A = T − I weakly generates a semigroup on D(T ). In this paper, we project the consequences of this result
on fixed point theory. In particular, we show that if k < 1 (id est, if T is strongly pseudo-contractive), then T
has a unique fixed point. This implies that, if T is pseudo-contractive (k = 1) and D(T ) is closed, bounded,
and convex, then T has at least one fixed point. Consequently, any demicontinuous pseudo-contractive map-
ping T : C → C (for an appropriate C) has a fixed point, which has been an important open question in
fixed point theory for quite some time. In a subsequent paper, we explore the consequences of the semigroup
result on the existence of solutions to certain partial differential equations. The semigroup result directly
implies the existence of unique global solutions to time evolution equations of the form u′ = Au where A
is a combination of derivatives. The fixed point results from this paper imply the existence of solutions to
partial differential equations of the form Lu = f .
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Let X be a Banach space whose dual space X∗ is uniformly convex. We shall demonstrate that,
for any demicontinuous, weakly Nagumo, k-pseudo-contractive mapping T : C ⊆ X → X with
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if T is continuous from the strong topology on C into the weak topology on X; and k-pseudo-
contractive if, for each x, y ∈ X, there exists j ∈ J (x − y) such that
Re〈T x − Ty, j 〉 k‖x − y‖2.
If k < 1, then T is strongly pseudo-contractive, and pseudo-contractive if k = 1. Note that T
is pseudo-contractive if and only if A = I − T is accretive, id est, for each x, y ∈ C,
Re〈Ax − Ay, j 〉 0
for some j ∈ J (x − y). See next section for a discussion of the weak Nagumo condition. The
semigroup result implies that if T is strongly pseudo-contractive, then T has a unique fixed point.
From this, we prove that T has a fixed point if T is pseudo-contractive and C is closed, bounded,
and convex. Note that the weak Nagumo condition reduces to the weakly inward condition when
C is closed, bounded, and convex. This result complements the result by Morales [11] (see Re-
sult 2 in Section 3.4) which implies that T has a fixed point if weakly inward is replaced by
the well-known Leray–Schauder condition and C has non-empty interior. This result also proves
that any demicontinuous pseudo-contractive mapping T : C → C has a fixed point when C is a
closed bounded convex subset of X, a long standing open question in fixed point theory.
The semigroup result has implications in partial differential equation theory as well as fixed
point theory, on which we expound in a subsequent paper. Briefly, the semigroup result implies
that a partial differential equation of the form u′ = Au has unique global solutions on any closed
subset of the domain of A on which A is demicontinuous, k-pseudo-contractive, and satisfies the
weak Nagumo condition. The fact T has a unique fixed point when k < 1 implies that the range
of L = I + r(I − T ) contains the domain of T when r(k − 1) < 1. Thus, partial differential
equations of the form Lu = f must have solutions (in the domain of T ) when f is an element
of the domain of T . We identify non-trivial domains in Lp(Ω), where Ω is an open subset
of Rm, on which the above conditions hold. In particular, we demonstrate that the differential
operator (in the distributional sense), when restricted to a proper domain, is a demicontinuous
but not a continuous operator on Lp(Ω). The paucity of concrete examples of demicontinuity
(without continuity) makes the demicontinuity of the derivative very important. As far as we
know, beside the duality mapping on smooth spaces [4], this is the only non-trivial concrete
example of demicontinuity.
We begin by proving the existence of a continuous local solution u : [0, ax] → C to the initial
value problem
u′ = T u − u, u(0) = x ∈ C
where C is a closed subset of a Banach space X, and T : C → X is a c-pseudo-contractive
demicontinuous mapping that satisfies the weak Nagumo condition on C. The mapping T is
c-pseudo-contractive (in deference to Crandall since he introduced the concept in [3]), if there
exist a monotone increasing function g : [0,∞) → [0,∞) with lims→0+ g(s) = 0, and L > 0
such that
Re〈T u − T v, j 〉 g(‖u − x‖ + ‖v − y‖)+ L‖x − y‖2
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c-pseudo-contractive if, for each z ∈ C, a number r > 0 exists such that T : C ∩ B¯(z; r) → X
is c-pseudo-contractive. This means that any locally Lipschitz mapping is locally c-pseudo-
contractive. The initial value problem utilizes the weak derivative, and all integrals that follow
are Pettis integrals (see Hester [5] for a detailed explanation of these concepts). If we replace c-
pseudo-contractiveness of T with local c-pseudo-contractiveness (all other stipulations remain),
then our local result implies the existence of a solution ux : [0, ax] → C emanating from x.
Adding the requirement that T is k-pseudo-contractive for some k ∈ R implies that ux is the only
solution emanating from x and that the solution exists for all t  0. Since the solution to the IVP
for each x ∈ C is unique, we denote it by u(·, x). Finally, when X∗ is uniformly convex, then T is
c-pseudo-contractive if T is k-pseudo-contractive and bounded in range. Since a demicontinuous
function is locally bounded in range, T is locally c-pseudo-contractive when T is demicontin-
uous and k-pseudo-contractive. Particular combinations (including linear) of derivatives (in the
distributional sense) are demicontinuous and k-pseudo-contractive when the domain is restricted
to certain subsets of Lp(Ω) (Ω is an open subset of Rm). When 1 < p < ∞, the topological dual
space of Lp(Ω), Lq(Ω), is uniformly convex, hence, the aforementioned differential operators
are locally c-pseudo-contractive.
We rephrase the IVP result in the language of semigroups by defining a family of operators
{U(t) : C → C}t0 where U(t)x = u(t, x) for all t  0 and x ∈ C. Each operator U(t) may be
thought of as a snap-shot of the flow at time t . This family of operators forms a semigroup of type
k − 1 weakly generated by T − I (see section on semigroups for explanation of terminology).
Now suppose that T is only demicontinuous, with the conditions on C and X remaining the
same. If T − I weakly generates a semigroup of type k − 1, then T is k-pseudo-contractive
and satisfies the weak Nagumo condition on C. The mapping T satisfies the Nagumo condition
at each point x ∈ C where C is locally convex. On the other hand, suppose C is closed and
convex; X∗ is uniformly convex; and T is demicontinuous, strongly pseudo-contractive, and
weakly Nagumo on C. Then the semigroup {U(t)}t0 weakly generated by T − I becomes a
family of contractions, which necessarily has a unique common fixed point, which is also the
unique fixed point of T .
2. Preliminaries
We shall need some facts about inward mappings, beginning first with our definition of the
inward properties of a mapping T : C → X on a subset C of a normed space X. The inward set
of C at x ∈ C is the collection of all points
IC(x) =
{
(1 − μ)x + μz: z ∈ C, μ 0}.
Given δ > 0, the δ-inward set of C at x ∈ C is the collection of all points
IC,δ(x) =
{
(1 − μ)x + μz: z ∈ C, μ 0, ‖z − x‖ δ}.
The mapping T is inward at x ∈ C if T x ∈ IC(x). Likewise, T is δ-inward at x ∈ C if T x ∈
IC,δ(x). If T x ∈ IC(x), then T is weakly inward at x ∈ C; and weakly δ-inward at x if T x ∈
IC,δ(x). We say that T satisfies the Nagumo condition at x ∈ C if
lim inf+
dist((1 − λ)x + λT x,C) = 0.λ→0 λ
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in C and a corresponding sequence {λn} of positive numbers such that
yn =
(
1 − λ−1n
)
x + λ−1n zn → T x, λn → 0.
This implies zn → x, consequently, T satisfies the Nagumo condition on C if and only if there ex-
ists a family {T : C → X}>0 of -inward mapping such that ‖Tx − T x‖  for all x ∈ C. We
say that T satisfies the weak Nagumo condition on C if there exists a family {T : C → X}>0
of -inward mappings that converge weakly pointwise to T with the following two provisos.
One, for each z1, z2 ∈ C,
Re〈T1z1 − T2z2, φ〉 sup
{
Re
〈
T z∗1 − T z∗2, φ
〉
: z∗i ∈ C ∩ B¯(zi; i), i = 1,2
}
+ (1 + 2)‖φ‖
for all 1, 2 > 0 and φ ∈ X∗. Two, for each x ∈ C, there exist M,r,η > 0 such that
‖Tz − T z‖ M for all z ∈ C ∩ B¯(x; r) and 0 <  < η. If T satisfies the Nagumo condition
on C, then
Re〈T1z1 − T2z2, φ〉 = Re〈T z1 − T z2, φ〉 + Re〈T1z1 − T z1, φ〉 + Re〈T z2 − T2z2, φ〉
 Re〈T z1 − T z2, φ〉 + (1 + 2)‖φ‖
for all 1, 2 > 0, z1, z2 ∈ C, and φ ∈ X∗. Thus, T is weakly Nagumo on C. If C is locally convex
at x ∈ C and T is weakly Nagumo on C, then it can be easily proven that T is Nagumo at x.
If T is Nagumo at x ∈ C, then T satisfies the weakly δ-inward condition at x for all δ > 0. If C
is convex, then T is (weakly) inward at x ∈ C if and only if T is (weakly) δ-inward at x for all
δ > 0. Thus, if C is convex, T is weakly inward on C if and only if T is Nagumo on C if and
only if T is weakly Nagumo on C.
The remainder of this section highlights some fundamental results needed the analyze the
initial value problem. Keep in mind that the fundamental theorem of calculus extends to the
Pettis integral if the derivative is weak and demicontinuity replaces continuity. This fact follows
easily from the definition of the Pettis integral and the standard fundamental theorem of calculus.
Proposition 1 (Differentiability of norm). Let X be a Banach space. Suppose that f : [a, b] → X
is weakly differentiable and that f ′ is demicontinuous, then ‖f ‖ : [a, b] → R is Lipschitz, and
hence, differentiable almost everywhere (a.e.) on [a, b].
Proof. Since f is weakly differentiable and f ′ is demicontinuous, the fundamental theorem of
calculus implies that, for all t1, t2 ∈ [a, b] such that t1  t2,
t2∫
t1
f ′(s) ds = f (t2) − f (t1).
Since f ′ is demicontinuous, f ′([a, b]) is bounded. Let M > 0 such that ‖f ′(t)‖ M for all
t ∈ [a, b]. Since f ′ is demicontinuous, ‖f ′‖ is measurable and, for t1, t2 ∈ [a, b]
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∥∥∥∥∥
t2∫
t1
f ′(s) ds
∥∥∥∥∥
t2∫
t1
∥∥f ′(s)∥∥ds
M|t2 − t1|.
Thus, ‖f ‖ is Lipschitz, which implies that ‖f ‖ is differentiable a.e. on [a, b]. 
Absolutely continuity of a function allows one to solve a differential inequality by essentially
integrating the inequality, as with the following proposition.
Proposition 2 (ODE bound). Suppose x : [a, b] → R is absolutely continuous, c1 > 0, c2 ∈ R,
and x′(t) c1x(t) + c2 at each point t ∈ [a, b], where x is differentiable; then
x(t) x(a)ec1t + c2
c1
(
ec1t − 1).
Next, we see that if T is demicontinuous and k-pseudo-contractive, then the solution per initial
value is unique.
Proposition 3 (Solution separation). Let C be a subset of a normed space X, and let T : C → X
be demicontinuous and k-pseudo-contractive. Consider the initial value problem
u′ = T u − u, u(0) ∈ C.
If x, y ∈ C and u(t, x) and u(t, y) are continuous solutions to the IVP on [0, b], then
∥∥u(t, x) − u(t, y)∥∥ e(k−1)t‖x − y‖
for all t ∈ [0, b].
Proof. Define w(t) = u(t, x) − u(t, y), then w is weakly differentiable and w′ is demicontinu-
ous. Proposition 1 implies that ‖w‖ is Lipschitz, hence, differentiable a.e. on [0, b]. Let t ∈ [0, b]
such that ‖w‖ is differentiable at t . Since T is k-pseudo-contractive, a functional j ∈ J (w(t))
exists such that
Re
〈
T u(t, x) − T u(t, y), j 〉 k∥∥w(t)∥∥2.
Lemma 1.3 in [6] implies that
d
dt
∥∥w(t)∥∥2 = 2 Re〈w′(t), j 〉= 2 Re〈u′(t, x) − u′(t, y), j 〉
= 2 Re〈T u(t, x) − u(t, x) − T u(t, y) + u(t, y), j 〉
= 2 Re〈T u(t, x) − T u(t, y), j 〉− 2∥∥w(t)∥∥2
 2(k − 1)∥∥w(t)∥∥2.
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∥∥w(t)∥∥2  ∥∥w(0)∥∥2e2(k−1)t , ∥∥u(t, x) − u(t, y)∥∥ e(k−1)t‖x − y‖. 
We use the weak form of the fundamental theorem of calculus to identify our initial value
problem with an integral equation.
Proposition 4 (Integral formulation). Suppose X is a Banach space, C ⊆ X, and T : C → X is
demicontinuous. Consider the initial value problem
u′ = T u − u, u(0) ∈ C.
A function u : [0, a] → C is a continuous solution to the IVP if and only if
u(t) = e−t u(0) + e−t
t∫
0
esT u(s) ds
for all t ∈ [0, a].
If we have a Lipschitz solution u : [0, b) → C to the initial value problem, then the com-
pleteness of X allows a continuous extension of the function u to [0, b]; this extension is still a
solution to the IVP due to the fact that weakly compact sets are bounded and judicious use of the
dominated convergence theorem.
Proposition 5 (Continuous extension of the solution). Suppose X is a Banach space, C ⊆ X is
closed, and T : C → X is demicontinuous. Consider the initial value problem
u′ = T u − u, u(0) ∈ C.
If u : [0, b) → C is a Lipschitz solution to the initial value problem, then u has a unique contin-
uous extension u : [0, b] → C that also satisfies the initial value problem.
3. Main results
We divide the main results into four subsections dealing with local solutions, global so-
lutions, semigroups, and fixed points, respectively. The first subsection contains Theorem 1
which demonstrates the existence of local solutions to the abstract initial value problem. In
the next section, we demonstrate the existence of global solutions to the abstract initial value
problem. The penultimate section discusses existence and elucidates some properties of weak
semigroup generators in Theorem 3. The final section contains two main results concerning fixed
points of mappings. Theorem 4 demonstrates the existence of a unique fixed point for strongly
pseudo-contractive mappings. Theorem 5 demonstrates the existence of fixed points for pseudo-
contractive mappings.
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In this section, we prove that the initial value problem has a local solution under the conditions
specified in Theorem 1. The proof begins with the construction of a family of approximations to
a solution of the initial value problem, followed by the proof that the family of approximations,
indeed, converges to a continuous function u. Note that Theorem 1 extends Theorem 1.19 of
Crandall [3] which uses the condition that T (∂C) ⊆ C rather than the less restrictive assumption
that T satisfies the Nagumo condition on C.
Theorem 1 (Local solution). Let C be a closed subset of a Banach space X, and T : C → X
be demicontinuous and weakly Nagumo on C. If T is c-pseudo-contractive in a neighborhood
about x ∈ C, then there exists a > 0 such that
u′ = T u − u, u(0) = x
has a Lipschitz solution valid for all t ∈ [0, a].
Proof. Since T is demicontinuous, T is bounded in range on a neighborhood about x, thus,
Lemma 2, below, provides a continuous candidate solution u : [0, a] → C. Let φ ∈ X∗ and
t ∈ [0, a]. Since Tu˜ ⇀ T u weakly pointwise and u lives in a ball of radius r +  where r
is independent of , the dominated convergence theorem implies
〈
u(t),φ
〉= lim
→0+
〈
u(t), φ
〉= e−t 〈x,φ〉 + e−t lim
→0+
t∫
0
es
〈
Tu˜(s),φ
〉
ds
=
〈
e−t x + e−t
t∫
0
esT u(s) ds,φ
〉
.
The arbitrary nature of φ implies that
u(t) = e−t x + e−t
t∫
0
esT u(s) ds.
Since the integrand is demicontinuous,
u′(t) = −e−t x − e−t
t∫
0
esT u(s) ds + e−t etT u(t) = T u(t) − u(t)
by the fundamental theorem of calculus. 
Let T : C → X, x ∈ C, r > 0,  > 0, and a > 0. Define
u(t) = e−t x + e−t
t∫
eαT u˜(α)dα0
A. Hester, C.H. Morales / J. Differential Equations 245 (2008) 994–1013 1001for t ∈ [0, a], then u˜ ∈ ΓT (x, r, , a) if
(1) u˜ : [0, a] → C ∩ B¯(x; r),
(2) T u˜ : [0, a] → X is Bochner integrable,
(3) ‖u(t)− u˜(t)‖  for every t ∈ [0, a], and
(4) u′ = T u˜ − u (weak derivative) almost everywhere in [0, a].
Note that condition (2) implies that u must exist. We first prove that the family of functions
defined above is, indeed, non-empty. In fact, we find b > 0 for which the conditions hold and
valid for all T ’s with uniform bound.
Lemma 1 (Linearization). Let C be a closed subset of a Banach space X, x ∈ C, r > 0, and
T : C → X be bounded in range on C ∩ B¯(x; r). There exists b > 0 such that if T is -inward on
C for some 0 <   r , then ΓT (x, r, , b) is non-empty.
Proof. For simplicity, let K = C ∩ B¯(x; r) and Γ (a) = ΓT (x, r, , a). Suppose ‖T z‖ M for
all z ∈ K . We claim that b = b(x, r,M) defined as
b =
{
any positive number, δ  1
−ln(1 − δ), δ < 1
}
, δ = r/2‖x‖ + M ,
satisfies the conclusion of this lemma. Since T is -inward and   r , there exist z ∈ K and
μ 0 such that
T x = (1 − μ)x + μz, ‖z − x‖ .
Define
η =
{
b, μ 1
−ln(1 − μ−1), μ > 1
}
and u˜ : [0, η] → K by u˜(t) = x for each t ∈ [0, η]. The mapping u˜ trivially satisfies conditions
(1) and (2). For t ∈ [0, η], we know
u(t) = e−t x + e−t
t∫
0
esT x ds = e−t x + (1 − e−t)T x,
which implies that
∥∥u(t) − u˜(t)∥∥= (1 − e−t)μ‖z − x‖ .
Hence u˜ satisfies condition (3). On the other hand, since the weak derivative u′(t) exists and
u′(t) = −e−t x + e−t T x = T x − (e−t x + (1 − e−t)T x)= T u˜(t) − u(t),
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proof would be complete. Hence
u(η) = e−ηx + (1 − e−η)T x = (1 − μ−1)x + μ−1((1 − μ)x + μz)= z ∈ C.
Since ‖u(t) − x‖ = (1−e−t )‖x−T x‖ < r/2, we derive ‖u(t)−x‖ < r/2 for all t ∈ [0, η]. Thus
u(η) ∈ K0 := C ∩ B¯(x; r/2). Define
Γ ∗ = {u˜ ∈ Γ (a): u(a) ∈ K0, a ∈ (0, b]}.
Let u˜1 : [0, a1] → K and u˜2 : [0, a2] → K be elements of Γ ∗. We define a partial ordering on
Γ ∗ by declaring that u˜1  u˜2 if a1  a2 and u˜1(t) = u˜2(t) for all t ∈ [0, a1].
Let V ⊆ Γ ∗ be totally ordered and define
aV = sup
{
a ∈ (0, b]: ∃(u˜ : [0, a] → K) ∈ V }.
For each t ∈ [0, aV ), define u˜V : [0, aV ) → K by u˜V (t) = u˜(t) for any (u˜ : [0, a] → K) ∈ V such
that t ∈ [0, a], and define uV : [0, aV ) → B¯(x; r/2) by
uV (t) = e−t x + e−t
t∫
0
esT u˜V (s) ds.
Let 0 t1  t2 < aV . Since ‖T u˜V ‖ : [0, aV ) → R is measurable, we may bring the norm inside
the integral, concluding that
∥∥et2uV (t2) − et1uV (t1)∥∥
t2∫
t1
es
∥∥T u˜V (s)∥∥ds M(et2 − et1)MeaV (t2 − t1).
Consequently, uV is Lipschitz on [0, aV ), and hence it can be uniquely extended to a continuous
mapping uˆV : [0, aV ] → B¯(x; r/2). We shall show now that V has an upper bound. To see this,
let {an} be a sequence in [0, aV ) such that an → aV and let {u˜n : [0, an] → K} the corresponding
sequence of functions in V . Continuity of uˆV implies that
uˆV (aV ) = lim
n→∞ uˆV (an) = limn→∞uV (an) = limn→∞un(an) ∈ C¯ = C .
Hence uˆV (aV ) ∈ K0, allowing to extend u˜V over [0, aV ] by defining u˜V (aV ) = uˆV (aV ). Then,
u˜V satisfies condition (1), and condition (4) which is indifferent to behavior at a single point. The
function T u˜V is strongly measurable when restricted to a closed subinterval of [0, av), hence,
T u˜V is strongly measurable on [0, av]. Since the range of u˜V lies in K and T is bounded on K ,
the norm function ‖T u˜V ‖ : [0, av] → R is integrable. Therefore, T u˜V : [0, av] → X is Bochner
integrable and u˜V satisfies condition (2). The dominated convergence theorem and the continuity
of uˆV imply that
aV∫
T u˜V (α)dα = lim
t→a−V
t∫
T u˜V (α)dα = lim
t→a−V
et uˆV (t) − x = eaV uˆV (aV ) − x,0 0
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so is uV (aV ). Therefore u˜V ∈ Γ ∗ and is an upper bound for V .
Zorn’s lemma implies the existence of a maximal element (u˜σ : [0, aσ ] → K) ∈ Γ ∗. Sup-
pose aσ < b, otherwise the proof is complete. Since y := uσ (aσ ) ∈ C ∩ B¯(x; r/2), there
exists (v˜ : [0, ν] → K) ∈ ΓT (y, r/2, , ν) for some ν > 0, as the construction of u˜. Ex-
tend u˜σ to u˜σ : [0, aσ + ν] → K by setting u˜σ (t) = v˜(t − aσ ) for each t ∈ (aσ , aσ + ν]. Let
t ∈ (aσ , aσ + ν], then
uσ (t) = e−t x + e−t
t∫
0
esT u˜σ (s) ds
= e−(t−aσ )
(
e−aσ x + e−aσ
aσ∫
0
esT u˜σ (s) ds
)
+ e−t
t∫
aσ
esT u˜σ (s) ds
= e−(t−aσ )y + e−t
t−aσ∫
0
e(s+aσ )T u˜σ (s + aσ ) ds
= e−(t−aσ )y + e−(t−aσ )
t−aσ∫
0
esT v˜(s) ds = v(t − aσ ).
This implies u˜σ ∈ Γ (aσ + ν), and hence, v(ν) = uσ (aσ + ν) ∈ B¯(x; r/2). If v(ν) ∈ C for some
ν > 0, then u˜σ ∈ Γ ∗, which is a contradiction! If v(ν) /∈ C for all ν > 0, we conclude that
u˜σ ∈ Γ (b), which completes the proof. 
The next lemma borrows a technique from Crandall [3] to prove that the approximations
converge to a continuous function.
Lemma 2 (Proto solution). Let C be a closed subset of a Banach space X, and T : C → X be
weakly Nagumo on C. If, in a neighborhood about x ∈ C, T is c-pseudo-contractive and bounded
in range, then there exist a family of functions {u˜}>0, a corresponding family of operators
{T : C → X}>0, and r, a > 0 such that, for each  > 0,
1. u˜ : [0, a] → C ∩ B¯(x; r),
2. u(t) = e−t x + e−t
∫ t
0 e
sTu˜(s) ds exists, with u(t) ∈ co(C) for t ∈ [0, a], and
3. ‖u(t) − u˜(t)‖  for every t ∈ [0, a].
Furthermore, u˜ → u where u : [0, a] → C is Lipschitz. If T is also demicontinuous, then
Tu˜ ⇀ T u pointwise.
Proof. Choose r0 > 0 such that T is c-pseudo-contractive and bounded in range on C∩ B¯(x; r0).
Since T is weakly Nagumo on C, there exists a family {T : C → X}>0 of -inward operators
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that ‖Tz‖M for all z ∈ K = C ∩ B¯(x; r) and 0 <  < x . Define
a =
{
any positive number, δ  1
−ln(1 − δ), δ < 1
}
, δ = r
M + ‖x‖ .
For any 0 <  < x , let u˜ : [0, a] → K be a function corresponding to T guaranteed to exist by
Lemma 1. For each 0 < 1, 2 < x , define χ1,2 : [0, a] → [0,∞) by
χ1,2(t) =
∥∥u1(t) − u2(t)∥∥
for each t ∈ [0, a]. Since T is bounded in range on K , the integral formulation of u implies that
χ1,2 is Lipschitz, hence, differentiable almost everywhere on [0, a].
Let 0 < 1, 2 < x and t ∈ [0, a] such that χ1,2 , u1 , and u2 are differentiable at t , then
Lemma 1.3 in [6] implies that
d
dt
(
χ1,2(t)
)2 = 2χ1,2(t)χ ′1,2(t) = 2 Re
〈
d
dt
(
u1(t) − u2(t)
)
, j
〉
= 2 Re〈T1 u˜1(t) − T2 u˜2(t), j 〉− 2(χ1,2(t))2
for all j ∈ J (u1(t) − u2(t)). Let L > 0 and g : [0,∞) → [0,∞) come from the definition of
c-pseudo-contractive, then there exists j ∈ J (u1(t) − u2(t)) such that
Re
〈
T1 u˜1(t) − T2 u˜2(t), j
〉
 sup
{
Re
〈
T z∗1 − T z∗2, j
〉
: z∗i ∈ C ∩ B¯
(
u˜i (t); i
)
, i = 1,2}
+ (1 + 2)
∥∥u1(t) − u2(t)∥∥
 g(21 + 22) + L
(
χ1,2(t)
)2 + 4r(1 + 2).
Let ρ1,2 = χ21,2 , then
ρ′1,2  2Lρ1,2 + 2g(21 + 22) + 8r(1 + 2).
Since the above inequality holds almost everywhere on [0, a], Proposition 2 implies that
∥∥u1(t) − u2(t)∥∥2 = ρ1,2(t) e2La − 1L
(
4r(1 + 2) + g(1 + 2)
)
for all t ∈ [0, a]. Since X is a Banach space, C is closed, and lims→0+ g(s) = 0; there exists
u(t) ∈ C such that lim→0+ u(t) = u(t). Since t ∈ [0, a] is arbitrary, we have defined a func-
tion u : [0, a] → C. To see that u is Lipschitz, let t1, t2 ∈ [0, a] and 0 <  < x , the integral
formulation of u implies that∥∥et2u(t2) − et1u(t1)∥∥Mea|t2 − t1|, ∥∥et1u(t1)∥∥ ‖x‖ + Maea.
Hence, each u is Lipschitz with the same constant, and consequently, so is u.
Suppose T is demicontinuous and let t ∈ [0, a]. Pick φ ∈ X∗, then
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〈
Tu˜(t) − Tu˜η(t), φ
〉
 sup
{
Re〈T z1 − T z2, φ〉: z1 ∈ B¯
(
u˜(t), 
)
, z2 ∈ B¯
(
u˜η(t), 
)}
+ 2‖φ‖
for any 0 < η, < x . The fact that u˜(t) → u(t) and the demicontinuity of T imply that the
right-hand side of the above inequality converges to 0 as η,  → 0+. We conclude that Tu˜(t) ⇀
T u(t) since
Re
〈
Tu˜(t) − T u(t),φ
〉= Re〈Tu˜(t) − Tu˜η(t), φ〉+ Re〈Tu˜η(t) − T u˜η(t), φ〉
+ Re〈T u˜η(t) − T u(t),φ〉,
Tu˜η(t) ⇀ T u˜η(t) as  → 0+, and T u˜η(t) ⇀ T u(t) as η → 0+. 
3.2. Global solutions
If T is locally c-pseudo-contractiveness, then the local result implies the existence of a so-
lution emanating from each x ∈ C. Adding the requirement that T is k-pseudo-contractive for
any k ∈ R implies that only one solution exists per initial value and that each solution exists for
all t  0. Observe that Theorem 2 extends Theorem II.i of Crandall [3] where, as with the local
result, Crandall uses the assumption that T (∂C) ⊆ C rather than the less restrictive assumption
that T is the weakly Nagumo.
Theorem 2 (Global solution). Let C be a closed subset of a Banach space X, and let T : C → X
be a demicontinuous, locally c-pseudo-contractive mapping that satisfies the weak Nagumo con-
dition on C. Suppose x ∈ C, then
u′ = T u − u, u(0) = x
has a Lipschitz solution on [0, a] for some a > 0. If T is also k-pseudo-contractive, then the IVP
has a unique continuous solution, that exists for all t  0.
Proof. Since we can find a neighborhood about x ∈ C on which T is c-pseudo-contractive,
Theorem 1 implies the existence of a Lipschitz solution u : [0, a] → C to the IVP for some a > 0.
Suppose T is k-pseudo-contractive, and let u1 : [0, b] → C and u2 : [0, b] → C be continuous
solutions to the ODE originating at x. Proposition 3 implies that
∥∥u1(t) − u2(t)∥∥ e(k−1)t‖x − x‖ = 0
for all t ∈ [0, b]. Therefore, the IVP has only one continuous solution, which we denote by
u(·, x). Suppose this solution exists on [0, a] for some a > 0, then we may extend it to [0, a + ]
for some  > 0. To see why the solution persists for all t > 0, let ax be the supremum of all such
extensions and suppose that ax < ∞, then we know that u(·, x) exists on [0, ax). Let t0 ∈ (0, ax).
Choose any t ∈ [t0, ax) and δ > 0 such that t + δ < ax , then t = τ + t0 for some τ  0. Proposi-
tion 3 implies that
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= ∥∥u(t0, u(τ + δ, x))− u(t0, u(τ, x))∥∥
 e(k−1)t0
∥∥u(τ + δ, x) − u(τ, x)∥∥.
Since T u(·, x) is demicontinuous on [0, ax − t0], T u([0, ax − t0], x) is bounded in norm (weakly
compact sets are bounded). Let M > 0 be a norm bound for said set, then Proposition 4 and the
mean value theorem imply that
∥∥u(τ + δ, x) − u(τ, x)∥∥
τ+δ∫
τ
es
∥∥T u(s)∥∥ds 
τ+δ∫
τ
esM ds = M(eτ+δ − eτ )
Meax δ.
We have shown that u(·, x) is Lipschitz on [t0, ax) since
∥∥u(t + δ, x) − u(t, x)∥∥ e(k−1)t0Meax δ.
Proposition 5 implies that u(·, x) is a continuous solution to the IVP on [0, ax], contradicting our
assumption that ax is finite. Therefore, u(·, x) is a continuous solution to the IVP on [0,∞). 
Corollary 1 (Global solution). Let C be a closed subset of a Banach space X, and let T : C → X
be a demicontinuous, c-pseudo-contractive mapping that satisfies the weak Nagumo condition
on C. Suppose x ∈ C, then the IVP has a unique continuous solution on [0,∞), which is Lipschitz
on bounded intervals.
Proof. Every globally c-pseudo-contractive mapping is k-pseudo-contractive. 
Corollary 2 (Global solution). Let C be a closed subset of a Banach space X whose dual space
X∗ is uniformly convex, and let T : C → X be a demicontinuous, k-pseudo-contractive mapping
that satisfies the weak Nagumo condition on C. Suppose x ∈ C, then the IVP has a unique
continuous solution on [0,∞) which is Lipschitz on bounded intervals.
Proof. Under the assumptions on T , the uniform convexity of X∗ implies that T is locally c-
pseudo-contractive. 
3.3. Semigroups
Let C be a subset of a normed space X and U = {U(t)}t0 be a family of mappings from C
into C, then U is a semigroup of type k [14] on C if
1. U(0) = I ,
2. U(t + s) = U(t)U(s) for all s, t  0,
3. limh→0+ U(h)x = x for all x ∈ C, and
4. ‖U(t)x − U(t)y‖ ekt‖x − y‖ for all x, y ∈ C and t  0.
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Ahx = U(h)x − x
h
for all x ∈ C. Define
D(A) =
{
x ∈ C: ∃dx ∈ X where lim
h→0+
〈
Ahx,φ
〉= 〈dx,φ〉 for all φ ∈ X∗}
and A : D(A) → X by Ax = dx for all x ∈ D(A) (the Hahn–Banach theorem ensures the unique-
ness of dx ). The operator A is referred to as the weak generator of U .
Lemma 3 (Differentiability). Let f : [a, b] → C be continuous, and let t0 ∈ (a, b). Suppose
fd(t) = lim
h→0+
f (t + h) − f (t)
h
exists and is continuous on [a, t0], then f is differentiable and f ′ = fd on [a, t0].
Proposition 6 (Solution). Suppose C is a subset of a normed space X, U = {U(t)}t0 is a
semigroup on C of type k, and A : C → X is demicontinuous. If A is the weak generator of U ,
then ux : [0,∞) → C defined by ux(t) = U(t)x for t  0 is a continuous solution to the initial
value problem
u′ = Au, u(0) = x
for any x ∈ C.
Proof. Let x ∈ C, then
∥∥ux(t2) − ux(t1)∥∥= ∥∥U(t1)U(t2 − t1)x − U(t1)x∥∥
 ekt1
∥∥U(t2 − t1)x − x∥∥
for any 0 t1  t2. Since limh→0+ U(h)x = x, the above inequality implies that ux is continu-
ous. Let φ ∈ X∗, then
lim
h→0+
(φ ◦ ux)(t + h) − (φ ◦ ux)(t)
h
= lim
h→0+
〈
ux(t + h) − ux(t)
h
,φ
〉
= lim
h→0+
〈
U(h)ux(t) − ux(t)
h
,φ
〉
= 〈Aux(t),φ〉
for any t  0. Continuity of ux and demicontinuity of A imply that φ ◦ ux is differentiable via
Lemma 3 and
(φ ◦ ux)′(t) =
〈
Aux(t),φ
〉
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u′x(t) = Aux(t). 
The following theorem and Proposition 8 generalize Theorems 5 and 6 of Martin [8].
Theorem 3 (Semigroup). Let C be a subset of a Banach space X, and T : C → X be a demicon-
tinuous mapping.
(1) If C is closed, T is locally c-pseudo-contractive, T is k-pseudo-contractive, and T satisfies
the weak Nagumo condition on C; then T − I is the weak generator of a semigroup of type
k − 1 on C.
(2) If T − I is the weak generator of a semigroup of type k − 1 on C, then T satisfies the
weak Nagumo condition on C and Re〈T x − Ty, j 〉  k‖x − y‖2 for each x, y ∈ C and
j ∈ J (x − y).
Proof. (1) Under the assumptions on C and T , Theorem 2 implies that there exists a unique
continuous solution u(·, x) : [0,∞) → C emanating from each x ∈ C. We define a family of
operators U = {U(t)}t0 by U(t)x = u(t, x) for every x ∈ C and t  0, then
1. U(0)x = u(0, x) = x for each x ∈ C,
2. U(t + s)x = u(t + s, x) = u(t, u(s, x)) = U(t)U(s)x for all x ∈ C and s, t  0,
3. limh→0+ U(h)x = limh→0+ u(h, x) = x for all x ∈ C by continuity of each solution, and
4. ‖U(t)x − U(t)y‖ = ‖u(t, x) − u(t, y)‖ e(k−1)t‖x − y‖ for all x, y ∈ C and t  0 follows
from Proposition 3.
The definition of a weak derivative implies that T − I weakly generates U :
〈
(T − I )x,φ〉= 〈u′(0, x),φ〉= lim
h→0+
〈
u(h, x) − x
h
,φ
〉
= lim
h→0+
〈
U(h)x − x
h
,φ
〉
for each φ ∈ X∗ and x ∈ C.
(2) Let x, y ∈ C and j ∈ J (x − y). Then the assumption on T − I implies
Re〈T x − Ty, j 〉 = lim
h→0+
Re〈U(h)x − x, j 〉 − Re〈U(h)y − y, j 〉
h
+ ‖x − y‖2
= lim
h→0+
Re〈U(h)x − U(h)y, j 〉 − ‖x − y‖2
h
+ ‖x − y‖2
 lim sup
h→0+
‖U(h)x − U(h)y‖‖x − y‖ − ‖x − y‖2
h
+ ‖x − y‖2
 lim sup
+
e(k−1)h‖x − y‖2 − ‖x − y‖2
h
+ ‖x − y‖2 = k‖x − y‖2,
h→0
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u(·, x) : [0,∞) → C defined by u(t, x) = U(t)x for t  0 and c ∈ C is a continuous solution
of the initial value problem
u′ = T u − u, u(0) = x.
Let  > 0 and define T : C → X by
Tx =
(
1 − 1
t,x
)
x + 1
t,x
u(t,x, x) = x + u(t,x, x) − x
t,x
, x ∈ C,
for 0 < t,x <  that satisfies ‖u(s, x) − x‖  for 0 s  t,x and
(
1 + e
−t,x − 1
t,x
)
‖x‖ .
Clearly, each T is -inward and Tx ⇀ T x weakly as  → 0+ for x ∈ C. Let 1, 2 > 0 and
z1, z2 ∈ C, then
Re〈T1z1 − T2z2, φ〉 =
(
1 + e
−t1,z1 − 1
t1,z1
)
Re〈z1, φ〉 −
(
1 + e
−t2,z2 − 1
t2,z2
)
Re〈z2, φ〉
+ e
−t1,z1
t1,z1
t1,z1∫
0
es Re
〈
T u(s, z1),φ
〉
ds
− e
−t2,z2
t2,z2
t2,z2∫
0
es Re
〈
T u(s, z2),φ
〉
ds
 (1 + 2)‖φ‖ + sup
{
Re
〈
T z∗1, φ
〉
: z∗1 ∈ C ∩ B¯(z1; 1)
}
− inf{Re〈T z∗2, φ〉: z∗2 ∈ C ∩ B¯(z2; 2)}
 sup
{
Re
〈
T z∗1 − T z∗2, φ
〉
: z∗i ∈ C ∩ B¯(zi; i), i = 1,2
}
+ (1 + 2)‖φ‖
for any φ ∈ X∗. Since T is demicontinuous, for each x ∈ C there exist r,M > 0 such that ‖T z‖
M for all z ∈ C ∩ B¯(x; r). For 0 <  < r/2,
‖Tz − T z‖
(
1 + e
−t,z − 1
t,z
)
‖z‖ + e
−t,z
t,z
t,z∫
0
es
∥∥T u(s, z)∥∥ds + ‖T z‖  + 2M
for all z ∈ C ∩ B¯(x; r/2). Therefore, T is weakly Nagumo on C. 
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About forty years ago, Browder [1] proved one of the first fixed point theorems for demicon-
tinuous pseudo-contractive mappings defined on a closed ball. Much later, Morales [11] obtained
a result for demicontinuous strongly pseudo-contractive mappings which allows an extension of
Theorem 2 of Browder [1] to spaces without uniform convexity.
Result 1. (See Browder [1].) Let X and X∗ be uniformly convex Banach spaces, B a closed
ball in X, and G an open set in X containing B . Let T be a demicontinuous pseudo-contractive
mapping of G into X such that T (∂B) ⊂ B . Then T has a fixed point in B .
Result 2. (See Morales [11].) Let D be an open subset of a Banach space X whose dual space
X∗ is uniformly convex, and T : D¯ → X be a demicontinuous strongly pseudo-contractive
mapping. If T satisfies the Leray–Schauder condition on ∂D: there exists z ∈ D such that
T x − z = λ(x − z) for all x ∈ ∂D and λ > 1, then T has a unique fixed point.
As a consequence of the latter result mentioned above, we find in Theorem 5 of [11] a result
that includes the following:
Result 3. Let C be a closed bounded and convex subset of a Banach space X with non-empty
interior, whose dual space X∗ is uniformly convex. Suppose T : C → C is a demicontinuous
pseudo-contractive mapping. Then T has a fixed point.
Moloney and Weng [9] proved Result 3 where C is a closed bounded and convex subset of a
Hilbert space, using a combinatorial argument. Contrarily, using the differential equation theory,
we attain a significant generalization of this result as seen in Theorem 5 below.
If T is strongly pseudo-contractive, then the unique global solutions guaranteed to exist by
Theorem 2 generate a commuting family of contractions that share the unique fixed point with T .
Theorem 4 (Strongly pseudo-contractive). Let C be a closed subset of a Banach space X, and
T : C → X be a demicontinuous, locally c-pseudo-contractive mapping. If T is also strongly
pseudo-contractive and satisfies the weak Nagumo condition on C, then T has a unique fixed
point.
Proof. Theorem 3 guarantees that T − I generates a semigroup {U(t)}t0 of type k − 1, hence,
∥∥U(t)x − U(t)y∥∥ e(k−1)t‖x − y‖
for all x, y ∈ C and t  0. Since T is strongly pseudo-contractive, the mappings {U(t)}t0 form
a family of commuting contraction mappings, and a well-known fact [2] guarantees that the
elements of {U(t)}t0 share a unique common fixed point x0 ∈ C. The solution emanating from
x0 is constant since
u(t, x0) = U(t)x0 = x0
for all t  0. Thus, x0 is a fixed point of T .
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Thus, y0 is common fixed point of {U(t)}t0 since U(t)y0 = u(t, y0) = y0 for all t  0. Since
the common fixed point of {U(t)}t0 is unique, y0 = x0. 
To prove the fixed point theorem for pseudo-contractive mappings, we shall need some basic
facts. We begin with a result that can be implicitly found in the proof of Theorem 6 of [10].
Proposition 7 (Fixed point). Let C be a subset of a Banach space X that enjoys the fixed point
property (F.P.P.) for nonexpansive self-mappings. Suppose T : C → X is a pseudo-contractive
mapping for which C ⊆ fr(C) with fr = I + r(I − T ), r > 0. Then T has a fixed point.
We now elucidate some conditions under which C ⊆ fr(C).
Proposition 8 (Range). Let C be a convex subset of a normed space X, and T : C → X be
demicontinuous and k-pseudo-contractive. If X is complete, C is closed, T is locally c-pseudo-
contractive, and T satisfies the weakly inward condition on C, then C ⊆ fr(C) for all r > 0 such
that r(k − 1) < 1. If C ⊆ fr(C) for all r > 0 such that r(k − 1) < 1, then T satisfies the weakly
inward condition on C.
Proof. Suppose X is complete, C is closed, T is locally c-pseudo-contractive, and T satisfies
the weakly inward condition on C. Let y ∈ C and r > 0 such that r(k − 1) < 1, then
G = r
1 + r T +
1
1 + r y
is demicontinuous and strongly pseudo-contractive. Since C is convex and T is weakly inward,
then so is G. Consequently, G satisfies the Nagumo condition on C. Therefore, by Theorem 4,
G has a unique fixed point xy ∈ C. Since
fr(xy) = xy + r(xy − T xy) = (1 + r)Gxy − rT xy = y,
we conclude that y ∈ fr(C).
Suppose now C ⊆ fr(C) for all r > 0 such that r(k − 1) < 1. Since T is k-pseudo-contractive,
we easily derive that
∥∥fr(x) − fr(y)∥∥ (1 − r(k − 1))‖x − y‖.
Hence, gr := f−1r : C → C exists and
∥∥gr(x) − gr(y)∥∥ (1 − r(k − 1))−1‖x − y‖
for all x, y ∈ C. In addition, for x ∈ C, we obtain
∥∥gr(x) − x∥∥ r(1 − r(k − 1))−1‖T x − x‖.
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the other hand,
T gr(x) = 1 + r
r
gr(x) − 1
r
x =
(
1 − 1 + r
r
)
x + 1 + r
r
gr(x),
which implies that T gr(x) ∈ IC(x) for all x ∈ C. Since IC(x) is weakly closed, T x ∈ IC(x), and
consequently, T satisfies the weakly inward condition on C. 
Corollary 3 (Range). Let C be a closed convex subset of a Banach space X, and let T : C → X
be demicontinuous, locally c-pseudo-contractive and k-pseudo-contractive. Then T satisfies the
weakly inward condition on C if and only if C ⊆ fr(C) for all r > 0 such that r(k − 1) < 1.
Combining Propositions 7 and 8 produces the desired result.
Theorem 5 (Pseudo-contractive). Let C be a closed convex subset of a Banach space X that
enjoys the F.P.P. for nonexpansive self-mappings. If T : C → X is a demicontinuous, locally
c-pseudo-contractive, pseudo-contractive mapping that satisfies the weakly inward condition
on C, then T has a fixed point.
Proof. Let f = 2I − T . Since the above assumptions satisfy the criteria for Proposition 8,
C ⊆ f (C). Proposition 7 implies that T has a fixed point. 
Baillon and later Turett [13] proved that any closed bounded convex subset of a Banach space
whose dual space is uniformly convex enjoys the fixed point property. Similarly, Crandall [3]
demonstrated (Lemma 2.6) that for this class of spaces, T is locally c-pseudo-contractive pro-
vided that T is k-pseudo-contractive. In this context, we may derive the following corollary,
which extends results in [12] from the continuous to the demicontinuous case.
Corollary 4 (Pseudo-contractive). Let C be a closed bounded and convex subset of a Banach
space X whose dual space X∗ is uniformly convex. If T : C → X is a demicontinuous, pseudo-
contractive mapping that satisfies the weakly inward condition on C, then T has a fixed point.
Theorem 4 extends Theorem 2.2 in [7] which requires that X be a Hilbert space rather than
the more general requirement that X be a Banach space whose topological dual space X∗ is uni-
formly convex. Likewise, the first part of Theorem 2.3 in [7] is a special case of Theorem 5 in this
paper. Finally, we observe that Corollary 4 implies that any demicontinuous pseudo-contractive
mapping T : C → C has a fixed point when C is a closed bounded convex subset of a uniformly
smooth Banach space. Since this answers a long standing open question in fixed point theory, we
present this result as a theorem.
Theorem 6 (Pseudo-contractive). Let C be a closed bounded and convex subset of a Banach
space X whose dual space X∗ is uniformly convex. If T : C → C is a demicontinuous pseudo-
contractive mapping, then T has a fixed point.
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